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Cauchy’s Inequality (also called Cauchy-Schwarz, Cauchy-Buniakowski, etc.) states that for 
positive reals 71, %9,...,%p and y1,Y2,---5Yn; 


(eiyi + way +--+ + 2nYn)” S (wp + 9940+ + wn )(yT + ye ++ + Un) 


or 
2 
(Sam) < (4) (Ov) 
with equality iff 71/y, = %2/ye =-++ = 2n/Yn- 
For positive reals a,,d2,..-,@n,, the Root Mean Square - Arithmetic Mean - Geometric Mean - 


Harmonic Mean or RMS-AM-GM-HM Inequality states that 


Vartagte tan ai taat ton ee an > ze 
= 2 WG102°** An 2 7 T 7 
n nm aot gor eae 
with equality iff aj = ag = +--+ = Gp. 
Problems 


1 (IMO 1995/2). Let a,b,c be positive reals with abc = 1. Prove that 


1 1 1 
a3(b + c) a b3(a + c) a c3(a + b) 


3 
Se. 
Saw 


Solutions 


1 (Solution 1). By Cauchy, 


: : : oe ee 
Can Bato | Fee) (ub+o) +ole+a) +ea+0) > (F4+e+5) 


But the LHS is equivalent to 


1 1 1 
: (aera * Bate)” arb) CeO ea) 


Applying GM-HM on the RHS yields 


3 3 1 1 1 
< Yap Pig fief ek See Seige 
Tyivas a Ce ay gt oe 
Also by GM-HM, 
3 3 3 
Vabe > ~——7 = <> ab+be+ca>3. 
Seige Sab bes ca 
Thus 
1 1 1 3 3 
a(b+c) B(a+c) C(a+b)/ ~ 3-2 2’ 
as desired. 


1 (Solution 2). [Thanks to Ercole Suppa for correcting an error in this solution.| Before presenting 
this solution we introduce cyclic sums, denoted by 5°, f(#1,@2,.-.,%n). 


So f(v1, 2, cee In) = f(x1, 22, on .,&n)+f (x2, v3, are ,t1)+f (x3, £4, see ,2)+: . +f (tn, 21, see ;@n=t)s 
o 


i.e. we apply the transformation (21, 2%2,...,2%n) — (@2,%3,...,@1) on each term to obtain the next 
term in the sum. 
Since abc = 1 we have +4; = (bc)? so we must show that 


(bc)? _ 3 
oS 
b+e~ 2 


o 


By AM-GM (each term is positive and real), 
(bc)? 3 
> : 
—bt+e™ V/(b+c)(c+a)(a+b) 


Thus it is sufficient to show that ¢/(b + c)(c + a)(a+ 6) > 2. By AM-GM, b+c > 2Vbe, cta > 2a, 
and a+b > 2V/ab. If we multiply these inequalities together, we get (b+c)(c+a)(a+b) > 8Va2b2c? = 8, 
and the desired inequality follows. 


Practice Problems 


1. (ARML 1987) If a, b and c are each positive and a+ 6+ c= 6, show that 


1\7 iy? Cy, 5 
a+>}) +[b+-) +(c+-]} > -. 
b Cc a 


2. Prove that for any integer n > 1 
le nm+1\" 
n! : 
2 


3. Prove that if a, 3,7 are the three angles of a triangle, then 


tan? 2 + tan? = 4 tan? 7 SA 


4, (USSR Olympiad Problem Book) Verify that for any three arbitrary numbers 21, 72,73 the fol- 


lowing inequality holds: 


